Abstract. This paper presents a time-saving methodology for the design and sizing of the magnetic gear sets. Some new design parameters similar to mechanical gears were de ned to calculate the torque capacity. Finite-element analysis was extensively used to calculate the variation of torque capacity of gear set due to changes in di erent geometric parameters of a set. Di erent design curves were obtained by which the design and sizing of the gears can routinely be accomplished. Optimal performance of magnetic gear was not the main target of this research, and utilization of this method helps gear designers to decide on parameters, such as scale of gears, magnet thickness, stack length, and pole pair numbers, and come up with a near-optimum geometry design.
Introduction
Magnetic Gear (MG) is more likely to have a bright future in many industries. Having no physical contact between gears, lower noise and vibration, lower maintenance cost, high reliability due to no mechanical failure, and mechanical isolation of input and output are just a few advantages of magnetic gears.
In recent years, magnetic gears have gained more attention due to higher performance and torque intensity in newer topologies. Atallah and Howe [1] presented a novel magnetic gear design with improved torque capability. Based on this methodology, di erent types of magnetic gears have been presented in recent years, such as linear MG [2] , cycloid MG [3] , axial eld MG [4] , harmonic MG [5] , and high-speed ratio MG [6] . In addition, much attention has been paid to the application of magnetic gears in di erent industries. Jian et al. [7] introduced a combination of magnetic gear with permanent magnet machines for wind power generation. Magnetic geared in-wheel motor is designed in [8] which leads to improvement of torque and power densities of motors for electric vehicles. In addition, a new powertrain for hybrid vehicles is introduced in [9] which has an integrated permanent magnet electric motor and a generator with a coaxial magnetic gear.
Di erent design parameters in uence the torque capability of magnetic gears. Design optimization becomes more complicated as some of these parameters are in con ict. Knowing the in uence of di erent parameters on torque capability can help the designer make better decisions. E ects of dimensional parameters have been investigated in some researches. For example, in [10] , in uence of radial thickness of stationary pole pieces on torque capability for di erent pole pair numbers was studied. E ect of magnet thickness on a motor integrated magnetic gear was investigated in [11] . Moreover, in [12] , e ects of many design parameters on torque capability, such as gear ratio, ferromagnetic pieces geometry, and permanent magnet thickness and volume were studied separately.
In designing mechanical gears, parameters, such as gear module, teeth number, and gear width, determine the overall geometry of a gear. These parameters, along with material speci cations, determine torque capability of mechanical gears. For designing MGs, there is no speci c formulation to designate a gear based on desired torque capacity and gear ratio. As a result, dealing with a large number of in uencing parameters makes the design approach more complicated.
In this paper, a number of main parameters are introduced to which the geometry, gear ratio, and torque capacity of magnetic gear are related. To nd the in uence of the main parameters on torque capability, maximum static torque of gears is obtained by 3D FEM analysis for di erent geometry con gurations. Gerber and Wang [13] shows that end e ects are not considered in 2D analysis, and calculated stall torque has about 10-15% more errors than 3D FEM analysis does. We, therefore, prefer to perform 3D FEM analysis despite its computation costs. Nearly 2400 cases with a wide range of varieties are solved, and in uence of these design parameters on design approach is presented. Figure 1 shows the geometry of an MG set and its main geometrical dimensions. There are three rotors, named inner, outer, and steel slot pieces. The input and output shafts of magnetic gearbox can be connected to either two of these rotors, or the third rotor can be grounded or kept stationary. Di erent con gurations of these connections lead to di erent gear ratios between input and output shafts. Generally, in the steady-state condition, the equation between rotational speeds of these rotors will be as follows:
Magnetic gear geometry
where ! in , ! out , and ! s are the rotational speeds of the high pole number, low pole number, and steel slot pole-piece rotors, respectively; P h , P l , and N s are highspeed pole pair, low-speed pole pair, and steel slot pieces number, respectively, while N s = P h +P l . When each of the rotors is kept stationary, its speed will be zero, and the others will determine the speed ratio. For designing a magnetic gear, all of the parameters and dimensions shown in Figure 1 should be determined. Some of these parameters are related to each other, and some other can be chosen independently. In this approach, 5 main design parameters are de ned, and all other dimensions are related to them. The main design parameters are:
Scaling Factor (SF), which is de ned as:
where R out and R 0 are in mm. R 0 is the reference radius; it is set to 50 mm here; Magnet Thickness Factor (TF), which is de ned as follows:
where t 1 and t 0 are in mm. t 0 is reference magnet thickness when R out is 50 mm which is chosen as 5 mm; Stack length (L); High-speed pole pair number (P h ); Low-speed pole pair number (P l ). SF scales all the dimensions, and it is similar to mechanical gear module. Stack length is the same as mechanical gear width, and pole pair numbers are similar gear teeth numbers. TF is an additional parameter to determine the magnet thickness. TF is the ratio of the magnet thickness to the scaled magnet reference thickness. As SF is de ned to scale all the dimensions simultaneously, magnet thickness is also scaled. When TF is xed, the variation of SF will not change the aspect ratio of the gear. t 0 and R 0 can be any value, and the data are obtained by considering the mentioned values here. In Table 1 , correlation of dimensions with the main design parameters is de ned. The two simplifying assumptions to obtain the rst solution and geometry of the set are as follows:
1. The thickness and width of ferromagnetic slot pieces are equal, that is:
2. The thickness of magnets of inner and outer rotors is equal:
Assumption 1 was made based on the results of [12] in which it is shown that if the ferro thickness-topitch ratio is set equal to 0.5, the optimum value of ferromagnetic opening to pitch ratio will be 0.5 to 0.6. Assumption 2 was also made based on the results of [12] in which, for di erent volumes of magnets, output torque is nearly at maximum when t 1 = t 2 . In addition, the di erence between the inner and outer PM thicknesses may cause the demagnetization of the thinner PMs, requiring consideration and analysis. Therefore, t 1 = t 2 is a suitable assumption. These two assumptions can yield near-optimum value of the torque capacity. As a result, a preliminary design of magnetic gear will be obtained considering these design parameters that will further be ne-tuned to optimize the performance. Airgaps are chosen equal to 1 mm as a usual and normal value for di erent magnetic machines and gears. The fact is that this parameter has to be ne-tuned in later stages of a magnetic gear design. Material speci cation of the MG used for FEM analysis in basic design is listed in Table 2 , and low carbon steel BH-curve is shown in Figure 2. 3. In uence of design parameters on magnetic torque capability
Torque capability (T c ) of magnetic gear is de ned as follows:
Moreover, magnetic gear rotor torques can be expressed as follows:
T out = P l T C sin(P h in + P l o N s s );
where T in , T out , and T s are inner, outer, and steel rotor torques, respectively. T C is torque capability of a magnetic gear that depends on geometry and design parameters. in , out , and s are inner, outer, and steel rotor rotation angles, respectively. When steel rotor is xed, s is constant. By multiplying the pole pairs of a rotor and the torque capability of the magnetic gear, maximum torque capacity of the rotor will be obtained.
In this paper, the e ect of simultaneous variations of the main parameters on torque capability is studied. This means that all permutations of variations in each parameter are solved by 3D FEM analysis, and the results are attached in the Appendix. The domains of variations of the main parameters are listed in Table 3 . The speci ed ranges (extendable by the designer interest) will be useful for designing an MG with a desired speci cation, and they help reach a good preliminary overall machine size and magnet thickness. In the following, the in uence of each design parameter on torque capability is presented, and some points are explained that will help a designer have a better perspective for choosing the parameters ranges.
Pole pair numbers
Di erent combinations of pole pair numbers for input and output gears in the speci ed range generate 30 cases with di erent gear ratios. It has been attempted to cover the most practical pole pair numbers. The minimum gear ratio between outer and inner gears is:
GR min = 11 10 = 1:1;
and the maximum gear ratio is:
Atallah et al. [10] shows that a harmful e ect on transmitted torque of an MG is the cogging torque. Torque ripples are a result of interaction between permanent magnets and ferromagnetic slot pieces.
A cogging torque factor is de ned as follows:
where P is pole pair number of high-speed or low-speed gear, N s is ferromagnetic pole pieces number, and N c is the smallest common multiple of (2P ) and N s . A smaller cogging torque factor results in smaller torque ripple amplitude, which is desirable. To achieve this for a speci c gear ratio, pole pair numbers should be chosen so that the smallest common multiple (N c ) has the largest possible value. In this research, lowspeed and high-speed pole pair numbers are chosen to have a large N c for smaller torque ripples.
Herein, the cogging torque is considered as a design suggestion. In fact, in this article, attempt is made to emphasize the important points useful in the design of a magnetic gear based on the results obtained throughout many researches. The main goal is to study the e ect of di erent parameters on static torque and torque capacity of magnetic gears. The dynamic e ects will be the subject of future works.
By putting SF = 1, TF = 1, and L = 50 mm and changing the pole pairs, torque capability changes as shown in Figure 3 . The maximum inner and outer torques are plotted versus high-speed pole pairs in Figures 4 and 5, respectively. It can be seen that increasing the low-speed pole pairs decreases the torque capability. In addition, it shows that increasing the high speed or decreasing the low speed pole pairs leads to the increase of the maximum inner torque. Maximum outer torque corresponding to each highspeed pole pair number is di erent, and it varies by changing the low-speed pole pair numbers. It also shows a peak, meaning that the output torque has a maximum value for a xed set of SF, TF, and L. 
Scaling factor
In this section, variation of torque capability is studied by xing the pole pair numbers and varying the scaling factor SF. This parameter, which scales the magnetic gear dimensions, can change the peak of outer torque capacity and torque capability.
Fixed design parameters in this section are: TF = 1 and L = 50 mm. Figure 6 shows the variation of torque capability versus that of scaling factor for P h = 2 and P l = 15. It is observed that torque capability is a quadratic function of scaling factor by xing all other design parameters.
The results for di erent low-speed pole pair numbers and P h = 4 are presented in Figure 7 . It can be seen that quadratic torque functions change signi cantly by varying the low-speed pole pairs. In Figure 8 , variation of T c versus that of scaling factor for high-speed pole pairs P l = 15 is shown. On the contrary, the variations of quadratic functions are not as large as the case for low-speed pole pair numbers. 
Magnetic thickness
One of the important parameters in an MG is the permanent magnet thickness. It a ects the torque capability and price of a magnetic gear set. The magnet thickness depends on Scaling Factor (SF) and Thickness Factor (TF). For studying the e ect of thickness individually, all other design parameters are xed and TF is changed. In Figure 9 , variation of torque capability versus that of TF is presented for di erent low-speed pole pairs while P h = 8, SF = 1, and L = 50 mm. Results for di erent high-speed pole pairs are presented in Figure 10 where P l = 25. Similar results for other values of pole pair numbers and scaling factors are presented in the appendix. The important result is that the torque capability is close to its maximum value when 0:75 < TF < 1. 
Gear length
Another design parameter to be determined is the magnetic gear stack length. Torque capability for di erent lengths and di erent pole pair numbers is displayed in Figure 11 , showing a linear behavior.
Magnetic gear's aspect ratio
In mechanical gears as a rule of thumb, the face width of spur gear is taken between 8 to 12 times of the gear module. In magnetic gears, aspect ratio is de ned as in Eq. (11):
For a desired output torque and gear ratio, di erent aspect ratios can lead to di erent magnet volumes. Magnets are the most expensive material used in an MG. The minimum volume of magnet for a speci c torque capacity (T c ) is investigated by xing pole pair numbers and changing SF and L. The results of torque capacity are calculated by interpolation between the data in the Appendix. E cient aspect ratios of gears, which minimize the magnet volume for di erent pole pair numbers and di erent torque capacities, are shown in Figure 12 . The results show that the most e cient aspect ratios are between 0.5 and 2. In addition, it can be seen that the value of e cient aspect ratio increases for higher torque capability.
The back iron thickness of inner and outer rotors
The back iron of inner and outer rotors should be thick enough to accommodate all the magnetic ux, which can result in maximum torque capability. In addition, the magnetic ux density in back iron section should be less than saturation level for the iron. Oversizing the back iron beyond the necessary thickness will not change the torque capability, but decrease the torque density by increasing the magnetic gear volume. Therefore, nding a suitable value of thickness is important. In Figure 13 , magnetic ux in a section of the magnets mounted on the back iron is shown. For obtaining the minimum necessary thickness of the back iron, it is assumed that all ux, entering the back iron through the mounting surface of the magnet, ows through the back iron section toward the neighbor magnets, and no ux escapes from the back iron. By considering the symmetric condition, it results in the following: 
B 0 is considered the maximum value for magnet ux density, and then, from Eq. (13), thickness of back iron will be as follows:
By inputting the typical values of the maximum magnet and maximum iron ux densities as 1:2T and 1:8T , respectively, into the equation, it will result in:
Magnet widths for inner and outer rotors in magnetic gears are:
and:
where R 1 and R 2 are the back iron radii in the mounting surface of magnets for inner and outer rotors, respectively, that are shown in Figure 1 . Therefore:
when SF = 1, the rotors' radii are R 1 = 16 mm and R 2 = 45 mm. Between di erent pole pair numbers considered in this paper, minimum pole pairs are P h = 2 and P l = 11. Thus, when SF = 1, the minimum necessary thickness for back iron will be as follows: 
The back iron thicknesses are considered the same for di erent pole pair numbers for simplicity, and the values for inner and outer rotors are set as 10 mm and 5 mm, respectively, when SF = 1. By increasing SF, the back iron thickness will also be scaled. The back iron thickness should be ne-tuned and can be reduced as the pole pair numbers are increased.
A design approach to magnetic gear
The basic speci cations of a magnetic gear set, such as gear ratio, maximum torque, and dimension constraints, should be decided rst. Then, the design process continues as follows.
Design torque determination
In mechanical gear design, design load is obtained by multiplying correction and overload factors and increasing the maximum working load in order to avoid failure of gear under normal operating conditions:
where K o and K m are overload and manufacturing correction factors, respectively. K o depends on the type of load and the source of input power. In designing mechanical gears, K o is used to prevent unexpected tooth fracture due to overloads. In magnetic gears, K o is applied to account for undesirable slippage occurring as a result of overloads, which may cause dynamic e ects and loss of drive-train control. Slippage makes Table 4 . K m can be used as a correction factor to compensate for the errors between manufactured prototypes and the results of FEM design. It can also lead to safe margins for preventing slippage in a normal operation. References [10,13,15,16] have reported up to 30% error between prototype and FEM analysis results. These deviations are the result of ux leakage and airgap tolerances with respect to axial gear length.
In addition, Eqs. (7) and (8) present torque versus relative rotational angles. There is only one point at which the maximum torque can be obtained. If the gear operates at its maximum torque capability as a nominal value, then the magnetic gear will encounter slippage by a small change of relative angle between input and output rotors. Next, the maximum torque capability is chosen 20% higher than the gear set nominal torque. As a result of up to 13% variation in a relative angle between input and output shafts, the torque will not pass the maximum torque capability.
Therefore, a logical value for K m can be considered between 1.2 and 1.4 to compensate for these deviations.
Choosing scaling factor and length
Considering the design torque, other design parameters, such as scaling factor, length, and pole pair numbers, should be chosen properly. As mentioned before, output torque has a peak value when SF and L are xed and pole pair numbers are changed. Maximum output torque of gears for a given SF and L can be calculated by interpolation of appendix data.
In Table 5 , the peak of output torque for di erent scaling factors and typical lengths of L = 50 mm and 100 mm are presented when P h 2 [ interpolation can be used as follows:
L can be chosen to have an e cient aspect ratio as mentioned before. For initial value, L can be selected proportional to SF as follows: 0:5 SF 100 mm < L < 2 SF 100 mm:
Choosing pole pair numbers
After choosing SF and L, pole pair numbers should be speci ed to meet the desired objects. By choosing P h , P l is calculated based on desired gear ratio:
By choosing the pole pair numbers, all the design parameters are determined and torque capability can be calculated by interpolation of appendix data. Then, output torque will be obtained by:
If applying this trial-and-error process to choose the pole pair numbers does not bring about an acceptable result, SF and L should be revised. In choosing pole pair numbers, minimization of cogging torque factor (C T ), which is explained before, should also be taken into account. The exact desired gear ratio may not be obtained if cogging factor is to be minimized. 
Finalizing the dimensions and FEM analysis
Fine-tuning of some dimensions may be required at the nal stage of design. One of the e ective dimensions is the magnets thickness. The thicknesses of magnets in inner and outer rotors are assumed equal (t 1 = t 2 ). They can be di erent and should be ne-tuned for minimum magnet volume based on common magnet thicknesses. The common thicknesses for magnets are listed in Table 6 .
When dimensions are nalized, FEM analysis on the nal model can be done to validate the interpolated data.
Data veri cation
For veri cation of the data, two sets of prototypes are investigated. These prototypes are shown in Figures 14-16 . The design parameters, such as P l , SF, TF, and L, are the same in these prototypes, and rectangular shaped magnets are used instead of arc type magnets. Here, the outer ring is xed and output shaft is coupled with ferromagnetic rotor.
Torque capability of gears is estimated by inter- polation of the appendix data. The design parameters, calculated torque, and experimental results for two gear sets are listed in Table 7 .
The di erence between experimental results and calculated torques is acceptable. It should be noted that rectangular shape of magnet pieces results in the larger di erence.
FEM analysis of the ne-tuned models has been done to clarify the e ects of rectangular shape magnets and other tolerances. FEM analyses and experimental results for two sets are presented in Figures 17 and 18 . Output torque di erence of the ne-tuned model and the proposed method calculation is 12% in gear set 1 and 13% in gear set 2. Di erence of the experimental results with the nal FEM analysis is 8.5% for gear set 1 and 12.3% for gear set 2. For more validity, some of FEM and experimental results of magnetic gearboxes, which are presented in di erent references, are surveyed, and the calculation method is applied. Based on the magnetic gear dimensions noted in the references, the main design parameters (SF, TF, P h , P l , and L) are determined. By knowing the design parameters, static torque calculations of the gears are done from Appendix data and results are listed in Table 8 .
By comparing the calculated torque and references results, it can be seen that a good compromise exists. The results were then evaluated in two di erent aspects:
FEM analysis on the nal model shows up to 12% di erence in output torque capacity with the estimation from the proposed method. This shows that the proposed method and de ned main parameters can result in a good preliminary design for the gear sets.
In addition, the results show that up to 25% di erence between FEM and experimental results may exist. These errors between analytical and experimental results have often been reported for magnetic gears in di erent references [10, 13, 15, 16] . The manufacturing tolerances, mechanical mounting, material speci cations, and airgap tolerances lead to this di erence. As a result, it was suggested in this article that if one is to use the generated data and current method for obtaining a close-to-exact design, correction factor, k m , is to be employed based on the experience and evaluated cases.
The performance curves of gear sets 1 and 2 in di erent speeds and torques are shown in Figures 19  and 20 . It can be seen that, in higher speeds, the e ciency will be decreased because of iron losses. In addition, in the range of torques lower than maximum torque capability, e ciency is lower. This is because of frictions and mounting losses. Keeping this in mind, the dynamic output torque will obviously be lower than the gear set static torque. This paper is focused on magneto-static torque of the set, and the dynamic performance of gear is to be studied in future work.
Conclusion
In this paper, a systematic design approach to the determination of magnetic gear dimensions was devised. Similar to mechanical gears, some main design parameters were de ned by which magnetic gear dimensions were determined. The in uence of design parameters on torque capability was investigated simultaneously. It was shown that these design parameters could simplify the design approach. The method can very well determine a preliminary design of the gears, and accordingly, torque capability of the set can be calculated further by interpolation of appendix data. The data and results obtained in this paper, which are presented for a wide range of e ective parameter variations, can be a good starting point for formation of a magnetic gear design handbook. The data presented here give the gear designers a tool for comparing mechanical and magnetic gear solutions. The proposed method was validated by comparing experimental and FEM analysis results of some magnetic gear sets with the results obtained from this method. The results seem to be very promising and time saving in magnetic gear design. 
